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Abstract 

QQ , We introduce an elementary method for proving the absolute continuity of the time marginals of 

one- dimensional processes. It is based on a comparison between the Fourier transform of such time 
marginals with those of the one-step Euler approximation of the underlying process. We obtain some 
absolute continuity results for stochastic differential equations with Ifolder continuous coefficients. 
Qh ' Furthermore, we allow such coefficients to be random and to depend on the whole path of the solution. 

(-H , We also show how it can be extended to some stochastic partial differential equations, and to some 

Levy-driven stochastic differential equations. In the cases under study, the Malliavin calculus cannot 
be used, because the solution in generally not Malliavin-differentiable. 
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O ■ 1 Introduction 

rn 

' In this paper, we introduce a new method for proving the absolute continuity of the time marginals of 

^5 , some one-dimensional processes. The main idea is elementary, and quite rough. It is based on the explicit 

law of the associated one-step Euler scheme, and to an estimate saying that the process and its Euler 
scheme remain very close to each other during one step. 
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As we will see, this method is quite robust, and applies to many processes for which the use of the Malliavin 
calculus (see Nualart Malliavin [18^) is not possible, because the processes do not have Malliavin 
derivatives: examples for this are S.D.E.s with Holder coefficients, S.D.E.s with random coefficients,... 
However, we are not able, for the moment, to extend it to multi-dimensional processes. The difficulty 
seems to be that we use some integr ability properties of some Fourier transforms, which heavily depends 
on the dimension. 

To illustrate this method, we will consider four types of one-dimensional processes. Let us summarize 
roughly the results we obtain, and compare them to existing results. 

Brownian S.D.E.s with Holder coefficients. To introduce our method in a simple way, we consider 
a process satisfying a S.D.E. of the form dXt — a{Xt)dBt + b{Xt)dt. We assume that b is measurable 
with at most linear growth, and that a is Holder continuous with exponent 9 > 1/2. We show that Xt 
has a density on {a ^ 0} as soon as t > 0. The proof is very short. 

Such a result is probably not far from being already known. In the case where a is bounded below, Aronson 
[1] obtains some absolute continuity result assuming only that a and b are measurable (together with 
some growth conditions) by analytical methods. Our result might be deduced from [Ij by a localization 
argument, however, we did not succeed in this direction. Anyway, our proof is much more simple. 
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Let us observe that to our knowledge, all the probabilistic papers about this topic assume at least that 
(T, b are Lipschitz-continuous, see the paper of Bouleau-Hirsch [8J (the case where b is measurable can also 
be treated by using the Girsanov Theorem). 

Finally, let us mention that in [8], one gets the absolute continuity of the law of Xt for all < > as 
soon as cr{xo) 7^ 0, if Xq = xq. Such a result cannot hold in full generality for Holder continuous 
coefficients: choose xq > 0, (j{x) — x, and b{x) = —sign{x)\x\°' , for some a G (0,1). Denote by 
Tf = mi{t > 0,Xt — e}, for e G M+. One can check, using the Ito formula, that for e e (0, xq), 
E[Xt\-'^] = 4-"-E[/o''''=(^ii2^Xi-" + (l-a))ds] < x]-" -{l-a)E[T, At], whence E[t,] < 2;J-"/(l-a). 
As a consequence, K[tq] < — a). But it also holds that Xrg+t = a.s. for all t > 0. Thus 

Pr[Xt = 0] > 0, at least for t large enough. 

Brownian S.D.E.s with random coefficients depending on the paths. We consider here a process 
solving a S.D.E. of the form dXt — a{Xt)K{t, {Xu)u<t, Ht)dBt + b{t, {Xu)^i<t, Ht)dt, for some auxiliary 
adapted process H. We assume some Holder conditions on ctk, some growth conditions, and that k is 
bounded below. We prove the absolute continuity of the law of Xt on the set {a 7^ 0} for all t > 0. 
Observe that we do not assume that H is Malliavin-differentiable, which would of course be needed if we 
wanted to use the Malliavin calculus. 

S.D.E.s with random coefhcients arise for example in finance. Indeed, stochastic volatility models are now 
widely used, see e.g. Heston [T3], Fouque-Papanicolaou-Sircar [TT],... S.D.E.s with coefficients depending 
on the paths of the solutions arise in random mechanics: if one writes a S.D.E. satisfied by the velocity 
of a particle, the coefiicients will often depend on its position, which is nothing but the integral of its 
velocity. One can also imagine a particle with position Xt whose diffusion and drift coefficients depend 
on the length covered by the particle at time t, that is sup[Q X^ — ini^Q t^ X^. 

Here again, the result is not far from being known: if an is bounded below, one may use the result 
of Gyongy [T3], which says that the solution of a S.D.E. (with random coefficients depending on the 
whole paths of the solution) has the same time marginals as the solution of a S.D.E. with deterministic 
coefficients depending only on time and position. These coefficients being measurable and uniformly 
elliptic, one may then use the result of Aronson [1]. However, our method is extremely simple, and we 
do not have to assume that a is bounded below. 

Stochastic heat equation. We also study the heat equation dtU — dxxU + b{U)+a{U)W on R+ x [0, 1], 
with Neumann boundary conditions, where is a space-time white noise, see Walsh [23]. We prove that 
U{t,x) has a density on {a 7^ 0} for all t > 0, all x G [0, 1], as soon as a is Holder continuous with 
exponent 9 > 1/2, and b is measurable and has at most linear growth. 

This result shows the robustness of our method: the best absolute continuity result was due to Pardoux- 
Zhang [21j . who assume that b and a sue Lipschitz continuous. Let us however mention that their 
nondegeneracy condition is very sharp, since they obtain the absolute continuity of U{t,x) for all t > 0, 
all X € [0, 1] assuming only that a{U{0, Xq)) ^ for some Xq S [0, 1] (if /7(0, .) is continuous). 

Levy-driven S.D.E.s. We finally consider the S.D.E. dXt ~ a{Xt)dZt + b{Xt)dt, where {Zt)t>o is a 
Levy process without drift and without Brownian part, and with Levy measure v. Roughly, we assume 
that z'^i/^dz) ~ e^"'*', for all e S (0, 1], for some A S (3/4, 2). We obtain that the law of Xt has a 

density on {a 7^ 0} for all t > 0, under the following assumption: 

(a) if A G (3/2,2), b is measurable and has at most linear growth, and a is Holder continuous with 
exponent 6 > 1/2; 

(b) if A e [1, 3/2], b and a are Holder continuous with exponents a > 3/2 — A and 9 > 1/2; 

(c) if A G (3/4, 1), b, a are Holder continuous with exponent 9 > 3/(2A) — 1. 

This result seems to be the first absolute continuity result for jumping S.D.E.s with non Lipschitz coef- 
ficients. Observe that in some cases we allow the drift coefficient to be only measurable, even when the 
driving Levy process has no Brownian part. Such a result cannot be obtained using a trick like Girsanov's 
Theorem (because even the law of such a Levy process {Zt)t,£[o^i] and that of {Zf + i)ig[o,i] are clearly 
not equivalent). To our knowledge, this gives the first absolute continuity result for Levy-driven S.D.E.s 
with measurable drift. 
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Observe also that we allow the intensity measure of the Poissonian part to be singular: even without 
Brownian part and without drift, our result yields some absolute continuity for Levy-driven S.D.E.s, even 
when the Levy measure of the driving process is completely singular. Such cases are not included in 
the famous works of Bichteler-Jacod [7], Bichteler-Gravereaux-Jacod [6]. Picard [22] obtained some very 
complete results in that direction, for S.D.E.s with smooth coefficients. Notice that Picard obtains his 
results for any A G (0, 2): our assumption is quite heavy, since we have to restrict our study to the case 
where A > 3/4. 

Let us finally mention a completely different approach developped by Denis |10j. Nourdin-Simon [19j . 
Bally [2] and others, where singular Levy measures are allowed when the drift coefficient is sufficiently 
non constant. 

We will frequently use the following classical Lemma. 

Lemma 1.1 For fi a nonnegative finite measure on R, we denote by /i(^) — j^e^^^ ^{dx) its Fourier 
transform (for all ^ e Rj. // /jj < then fi has a density with respect to the Lebesgue measure. 

Proof For n > 1, consider /i„ = /i * gm where f/„ is the centered Gaussian distribution with variance 
\/n. Then of course, |^n(C)l — I/'IOI- Furthermore, /i„ has a density /„ g nL°°(R, dx) (for each fixed 
n > 1), so that we may apply the Plancherel equality, which yields J^f!^{x)dx = {2tt)~^ lMn(C)P'^C ^ 
(27r)~^ =■ C < oo. Due to the weak compactness of the balls of L'^{M.,dx), we may extract a 

subsequence Uk and find a function / € L^(R,da;) such that fn^ goes weakly in L'^{R,dx) to f. But on 
the other hand, ^n(dx) = fn{x)dx tends weakly (in the sense of measures) to /i. As a consequence, is 
nothing but f(x)dx. □ 

Observe here that this Lemma is optimal. Indeed, the fact that fi belongs to L^, with p > 2, does 
not imply that /i has a density, see counter-examples in Kahane-Salem |16j . The following localization 
argument will also be of constant use. 

Lemma 1.2 For S > 0, we introduce a function fs : R+ i-^ [0, 1], vanishing on [0, 6], positive on {S, oo), 
and globally Lipschitz continuous (with Lipschitz constant 1). 

Consider a probability measure /i on R and a function cr : R i— > R_|_. Assume that for each S > 0, the 
measure fis{dx) — fs{a{x))fi{dx) has a density. Thus fj, has a density on {x G R, cr(a;) > 0}. 

Proof Let A C R be a Borel set with Lebesgue measure 0. We have to prove that fi{An{a > 0}) — 0. For 
each S > 0, the measures l[o-{x)>5}lJ'idx) and ^.s{dx) are clearly equivalent. By assumption, /ia(A) = 
for each 5 > 0, whence ^(A n {a > 5}) = 0. Hence, ^(A r\ {a > 0}) = lima^o IJ^{A n {cr > 5}) ==0. □ 

The different sections of this paper are almost independent. In Section [21 we consider the case of simple 
Brownian S.D.E.s. Section [3] is devoted to Brownian S.D.E.s with random coefficients depending on the 
whole path of the solution. The stochastic heat equation is treated in Section [H Finally, we consider 
some Levy-driven S.D.E.s in Section [Sj 

2 Simple Brownian S.D.E.s 

We consider a filtered probability space {J-'t)t>o, P) and a (J^f )i>o-Brownian motion {Bt)t>o. For 

x e R and cr, 6 : R i-^ R, we consider the one-dimensional S.D.E. 



Our aim in this section is to prove the following result. 

Theorem 2.1 Assume that a is Holder continuous with exponent 9 G (1/2, 1] , and that h is measurable 
and has at most linear growth. Consider a continuous {J-t)t>Q-adapted solution {Xt)t>o to V2. 1]) . Then 
for all t>Q, the law of Xt has a density on the set {x S R, (7(a;) ^ 0}. 




(2.1) 
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Observe that the (weak or strong) existence of solutions to (|2.ip docs not hold under the sole assumptions 
of Theorem 12.11 However, at least weak existence holds if one assumes additionally that b is continuous 
or that a is bounded below, see Karatzas-Shreve [TT] . 

Proof By a scaling argument, it suffices to consider the case t — 1. We divide the proof into three parts. 
Step 1. For e G (0, 1), we consider the random variable 



:= 



Ji-t 



Conditioning with respect to we get, for all ^ e 



|E 



1-^1- 



= I exp - tn\Xi^,)ei2) \ = exp {~ea^{Xi^,)e 12) 



Step 2. Using classical arguments (Doob's inequality and Gronwall Lemma), and the fact that a and b 
have at most linear growth one may show that there is a constant C such that for all < s < i < 1, 



supX/ 

[0,1] 



<C, E[{Xt-X,f]<C{t-s). 



(2.2) 



Next, since a is Holder continuous with index E (1/2, 1] and since b has at most linear growth, we get, 
for all e € (0,1), 

E[{Xi ~ Z,f] < 2 ^ E [{a{X,) - a{Xi_,)f] ds + 2E (^j^ b{X,)ds 

<C [ E[\Xs-Xi-,f'^]ds + 2e [ E[b^{Xs)]ds 
<C E[\Xs- Xi^,\^Y ds + Ce E[l+X^]ds 

where we used (|2.2p . 

Step 3. Let (5 > be fixed, consider the function fg defined in Lemma ll.2[ and the measure fJ^s.Xiidx) = 
fs{\o'{x)\)iJ,Xi (dx), where fiXi is the law of Xi. Then for all ^ e M, all e S (0, 1), we may write 

|M^,(0| = |E[e^«^V^(KXi)|)]| 

<|E[e^f^V^(k(Xi_,)|)]|+E[|/,(|a(Xi)|)-^(|a(Xi_,)|)|] 

< |E[e^f^V^(k(Xi_,)|)]| + mm - Z,\]+E[\fs{\a{X,)\) - /,(|a(Xi„,)|)|], 

where we used the inequality |e'^^ — e*^^| < — z\ and the fact that fs is bounded by 1. First, Step 
1 implies that 



[e'«^«/,(|fT(Xi_,)|)]| < E[|E[e»«^^/,(|a(Xi_,)|)|.Fi_,]|] 



< E 



fs{\<7{X,.,)\)e- 



< exp(-e^2^V2), 



since fs is bounded by 1 and vanishes on [0,(5]. Step 2 implies that |^|E[|Xi - Z,\] < C\S,\e'^'^+'^'^/^ . Since 
fs is Lipschitz continuous and a is Holder continuous with index 6 G (1/2, 1], we deduce from (|2.2p that 
E[\fs{\a{X,)\) ~ fs{\a{X,^,)\)\] < CE[\X, - X,.,f] < Ce'l\ 
As a conclusion, we deduce that for all ^ G M, for all e G (0, 1), 
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For each |^| > 1 fixed, we apply this formula with the choice e := (log |$|)^/^^ G (0, 1). This gives 

m < eM-s\\og ici)V2) + c(iog \i\y+'m' + c(iog icDVi^r 

This holding for all |^| > 1, and /iXx^ being bounded by 1, we get that /jj 1/^5^(0 P*^^ < since 
9 > 1/2 by assumption. Lemma 1 1 . 1 1 implies that the measure fis^Xi has a density, for each S > 0. Lemma 
11.21 allows us to conclude that has a density on {|cr| > 0}. □ 



3 Brownian S.D.E.s with random coefficients 

We start again with a filtered probability space (f^, J^, {Tt)t>a, P) a (J^t)t>o-Brownian motion {Bt)t>o- 
To model the randomness of the coefficients, we consider an auxiliary predictable process {Ht)t>o, with 
values in some normed space {S,\\ . ||). Then we consider cr : R i— > M and two measurable maps 
K,b : A f-^ R, where 

A {(s, {xu)u<s,h), s > 0, {xu)u>o e C{R+,R),h e S}, 
and the following one-dimensional S.D.E. 

Xt = x+ f a{Xs)K{s,{Xu)u<s.Hs)dBs+ I b{s, {Xu)u<s, H,)ds. (3.1) 
Jo Jo 

Here again, the existence of solutions to such a general equation does of course not always hold, even under 

the assumptions below. However, there are many particular cases for which the (weak or strong) existence 

can be proved by classical methods (Picard iteration, martingale problems, change of probability, change 

of time, ...) 

Theorem 3.1 Assume that the auxiliary process H satisfies, for some rj > 1/2, for all < s <t <T, 

E[\\Htf]<CT and E [\\Ht - H,\f] < Crit - s)" . (3.2) 

Assume also that na and h have at most linear growth, that is for all < t < T , all {xu)u>o G ^^(II^+i R)j 
all h Cz S, 

\(T{xt)K{t, {xu)u<t,h)\ + \b{t, {xu)u<t, h)\ < Ct(1 + sup + \\h\\), (3.3) 

that a is Holder continuous with index a € (1/2, 1], and that for some 6i € (1/4, 1], 02 G (1/2, 1], and 
03 G (1/27/, 1], for alio <s<t< T, all ixu)u>o G C(R+, R), all h, h' G S, 

\a{xt)K{t,{xu)u<uh)-aixsMs,ixu)u<s,h')\<CT{{t-sf' + sup \xu - Xs\^' + \\h - h'\fA . (3.4) 

Finally, assume that k is bounded below by some constant kq > 0. Consider a continuous {J-'t)t>a- adapted 
solution {Xt)t>o to iS. Then the law of Xt has a density on {x G R, o'^x) ^ 0} as soon as i > 0. 

Notice that (|3.2p does not imply that H is a.s. continuous: it is just a sort of L'^-continuity. Observe also 
that we assume no regularity about the drift coefficient b. This is not so surprising, thinking about the 
Girsanov Theorem. However, the Girsanov Theorem might be difficult to use in such a context, due to 
the randomness of the coefficients (a change of probability also changes the law of the auxiliary process) . 
Let us briefly illustrate (|3.4p . 

Example 3.2 (a) Let g(xs^k.{s, {xu)u<s, h) — (j){s, x^, supjg s] vi^u), h), with (j) : R+ xRxRx5i-^R 
satisfying \4){s,x,m,h)-4){s' ,x' ,m' ,h')\ < C{\s- s'l'^^ + \x- x'\''^ + \m-m'\'^ + \\h- h'W^'^) andip:Ri-^R 
satisfying \(p{x) — ^{x')\ < C\x — x'Y , with C,r~>Qi- Then gk satisfies 

(b) Let a{xs)K{s, {xu)u<s,h) — (I)(s,Xs,Jq (p{xu)du,h) with <f> : R_|_ xRxRxiSi-^R satisfying the 
condition \(j){s, x,m, h) - (j){s' , x' , m' , h')\ < C{\s - s'l'^i + \x - x'\^^ + |m - m'\'^^ + \ \h - h'\\^^) and with 
ifi :Ri-^R bounded. Then an satisfies {3.4^^ . 
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Proof The scheme of the proof is exactly the same as that of Theorem 12.11 For the sake of simpUcity, 
we show the resuh only when t = 1. 

Step 1. For e G (0, 1), we consider the random variable 

Z, := + / f7(Xi_,)K(l - e, {X^)u<i-e.Hi^,)dB,. 

Jl-€ 

Conditioning with respect to JFi„e and using that k> ko we get, for all ^ G M, 

|Ep«^^|^i_,] I =|exp - e<j\Xi^,)K,\l - e, {X,,)u<i-e, Hi-e)CV^) I 

<e^p{~eKla^{Xi^,)e/2). 

Step 2. Using Doob's inequality, the Gronwall Lemma, (|3.3p and (|3.2p . one easily shows that for all 
< s < i < 1, 



E 


sup X^ 


<C, E 


sup {Xu - Xsf 




[0,1] 




Me[s,t] 


Next, using (EH), ([231), (03 


} and (0 


H]) we get for aU e G (0, 1), 


E[(Xi - <2 / 


E [(a(X,)«;(s, 


u<s,Hs) — (t{Xi^c 



< Cit-s). 



(3.5) 



2E 



<C 



E 



l-e 



1 X 2- 

5(s,(X„)„<s,i?s)ds 



(s - (1 ~ e)y'' + sup |X„ - Xi 



|202 



l-e 



12^3 



(is 



2e f E[b^{s,(Xu)u<s,Hs)]ds 

Jl-e 



-1+201 



CeE 



sup 

iie[i-e4] 



Ce sup E[||F„-Hi_,||2]»3 
■ue[i-£,i] 



Ce 



[ E[l+ sui 

Jl-e ue[0 



sup Xl + \\H,\\^]ds 



-1+201 



^gl+02 + C,l+r,03 + Cg2 < ^gl+e 



where 9 :— min(26'i, 6*2, ?/6'3, 1) G (1/2, 1] by assumption. 

Step 3. Let (5 > be fixed, consider the function fs of Lemma 11.21 and the measure ^Lg^Xi {dx) — 
fs{\a[x)\)^Xi{dx), where /ixi is the law of Xi. Then as in the proof of Theorem 12.11 we may write, for 
aU 5 G K, all e G (0,1), 

1/1^,(01 < |E[e^«^^/,(|a(Xi_,)|)]| + Z,\]+nh{HX,)\) - /,(|a(Xi_,)|)|]. 

Exactly as in the proof of Theorem 12.11 using that a is Holder continuous with exponent a G (1/2, 1], 
that fs is bounded by 1, Lipschitz continuous, and vanishes on [0,(5], we obtain from Steps 1 and 2 that 
for all eG (0,1), 

(e)i < eM-^^s^em + + Ce-'\ 

For each |^| > 1 fixed, we apply this formula with the choice e := (log |i^|)^/C^ G (0, 1), and deduce as 
in the proof of Theorem 12.11 that 1^5^(01^^^? < oo, because 9 > 1/2 and a > 1/2. Due to Lemma 
11.11 this implies that iJ,s,Xi has a density, for each S > 0. Thus has a density on {|ct| > 0} thanks to 
Lemma 11.21 □ 
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4 Stochastic heat equation 

On a filtered probability space (fi, T ^ {J-t)t>o-, P)i we consider a (J^f )f>o-space-tinie white noise W{dt, dx) 
on R+ X [0, 1], based on dtdx, see Walsh [53]. For two functions ct, : M i-^ M, we consider the stochastic 
heat equation with Neumann boundary conditions 

dtU{t, x) = a,,C/(t, x) + b{JJ{t, x)) + a{JJ{t, x))W{t, x), d^Uit, 0) = d.Uit, 1) = 0, (4.1) 

with some initial condition U{0,x) = Uo{x) for some deterministic Uo G £°°([0, 1]). 

1 ^-^ r -(,y-x-2n)^ -(y+x-2n)^ "| 

Consider the heat kernel 6*4(2;, y) := -^;= 2_,„gz ^ +^ . Following the ideas of Walsh 

[23] . we say that a continuous (jFt)t>o-adapted process (C/(t, a;))t>o,xe[o,i] is a weak solution to (14. ip if 
a.s., for ah t > 0, aU a; G [0, 1], 

U{t,x)=f Gt{x,y)Uo{y)dy+ f f' Gt-s{x,y)b{U{s,y))dyds 

JQ JQ Jq 

t /.I 

Gt-six, y)a{U{s, y))W{ds, dy). (4.2) 



/o ./o 

We will show in this section the following result. 

Theorem 4.1 Assume that b is measurable and has at most linear growth, and that a is Holder contin- 
uous with exponent 6 G (1/2, 1]. Consider a continuous {!Ft)t>o- adapted weak solution (J7(i, a;))t>o.a:e[o,i] 
to |.^. j[ ). Then for all x G [0, 1], all t > Q, the law 0/ [/(i, x) has a density on {u G M, o'(u) 7^ 0}. 



c , 



The existence of solutions is again not proved under the sole assumptions of Theorem 14.11 One can 
mention Gatarek-Goldys [12] from which we obtain the weak existence of a solution assuming additionally 
that b is continuous. On the other hand, Bally-Gyongy-Pardoux [3] have proved the existence of a 
solution for a (locally) Lipschitz continuous diffusion coefhcient a bounded below and a (locally) bounded 
measurable drift coefficient b. 

We will use the following estimates about the heat kernel, which can be found in Bally-Pardoux [U 
Appendix] and Bally-Millct-Sanz ^ Lemma Bl]. For some constants < c < C, for all e G (0,1), all 
x,y€ [0, 1], aU < s < t < 1, 

^1 ^1A(2:+Vc) pi pi 

^fe<K,{x):= j / Gj_Jx,z)dzdu< / Gl_^ix, z)dzdu < Gy/e, (4.3) 

iGt-u(x,z) - Gt-uiy, z)fdzdu < C\x - y\, (4.4) 

s pi nt pi 

/ {Gt-u{x,z)-Gs-u{x,z)fdzdu+ / Gf^^{x,z)dzdu <C\t-- s\^/^. (4.5) 

Proof We assume that t — 1 for simplicity, and we fix a; G [0, 1]. 
Step 1. For eG (0,1), let 

1 pl-IL pi 

Gi{x,y)Uo{y)dy+ / / Gi-s{x,y)b{U{s,y))dyds 

Jo JQ 

1 — e pi pi pi 

/ Gi^s{x,y}a{U{s,y))W{ds,dy)+ / Gi.s{x,y)a{U{l - e,y))W{ds,dy). 

Jo JO Jl-eJO 

As usual, we observe that 

|E[e'«^^|.Fi_e]| < exp(^-|eP^' Gl„,{x,y)a\U{l - e,y))dyds 

< exp(-K,(x)y,|en, 
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where, recalling (|4.3p . 



1 i-l/\{x + ^) 



Gl_,{x,y)a\U{l^e,y))dyds. 



Step 2. Using some classical computations involving (|4.3p - (|4.4p - (l4.5p . as well as the fact that t,x 
Gt{x,y)Uo{y)dy is of class on {to, 1] x [0, 1] for all to £ (0, 1), we get, for some constant C, 



Vie [0,1], Vye [0,1], E[UHt,y)]<C; 

ys,te [1/2, 1], V y e [0, 1], E[{U{t, y) ~ U{s, y)f] < C\t - s|i/2; 
Vie [1/2,1], Vy,ze [0,1], E[{U{t,y)-U{t,z)f]<C\y-z\. 

Step 2.1. We now prove that for aU e e (0, 1/2), 

E[{U{l,x)~ Z,f] < Ce(i+^)/2^ 

Since a is Holder continuous, and since b has at most linear growth, using (|4.6p and (|4.7p . 

E[{U{l,x) - <2E 



+ 2 



l-e Jo 



<2e 



<Ce 



1 /.I 



l-e Jo 
1 



C 



l-e Jo 



Gi-s{x, y)b{U (s, y))dyds 
Gl_,{x,y)E [{o{U{s,y)) - a{U{l - e,y))f] dyds 
Gl,,{x,y)E [fe2(C/(s,y))] dyds 

Gl_,{x, y)E [\U(s, y) - U{\ - e, y)!^^] dyds 
Gt.(a^,2;)E[l + C/'(s,2;)] dyds 
Gl^,{x, y)E [|C/(s, y) - U{1 - e, y)!^] ' dyds 

G\^s{x,y)dyds 



<Ce / / Gl_,{x,y)dyds + Ce^^^ 

Jl-e Jo 



l-c Jo 



where we finally used ()4.3p . 

iSiep We now check that there is a constant C such that, for all e e (0, 1/2), 



We have 



< 



Kc(x) 
1 

Ke(a;) 



E 



A, ■.^E[\a^iUil,x))-Y,\] <Ce^/4. 



1 /■lA(a;+v^) 

G2_,(a:,y)[a2(C/(l,x)) - ^^([/(l - e,y))]dydi 

OV(a;-v^) 
1 /.1A(2;+V7) 

Gt.(a:,y)E [|a2(t/(l, x)) - a^U{l - e,y))|] dyds 



< sup 



OV{x-^) 

[\a'{U{l,x))~a'{U{l-e,y))\] 



(4.6) 
(4.7) 
(4.8) 
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But using that a is Holder continuous and has at most hnear growth, using (|4.6p . (|4.7p and (|4.8p . we 
deduce that for all y e[x — ^/t, x + ^/e] , 

E [\a\U{l,x)) - a\U{l - e,y))|] < E [|a(C/(l, x)) - a(C/(l - e,y))\^]''^ 

x¥.[\a{U{\,x))+a{U{l~e,y))\'f^ 

< CE[|C/(l,a;) -[/(!-£, 2;)n'/' 

< CE x) - C/(l - e, < C(ei/2 + \x- yl)^/^ < 

which concludes the step. 

Step 3. Denote by fiu(i,x) the law of U{l,x). For 6 > 0, consider fs as in Lemma [TT^ and set 
^J,s,u{l,x)idu) = fs{a^{u))iiu{i,x){du). For all ^ G K, all e G (0,1/2), we may write, as in the proof 
of Theorem O 

\nZij^xm-\ne'^''^''^^fs{'j'{{u{i,x)m 

< |E [e^«^=/5 (n)] I + mmihx) - Z,\]+E[\fs{a'{U{l,x))) ~ fs {Y,)\] . 

Using Steps 1, 2.1, and 2.2, observing that is J^i_£-measurable, and recalling that fs is bounded by 1 
and vanishes on [0,6], we get 

using ()4.3p for the last inequality. For each |,^| > 1, we choose e := (log G (0, 1/2), and get 

im^i;^.)(oi < exp (-c<5(iog iei)2) + c(iog iei)i+7ier + c(iog leDVier 

This holding for all |^| > 1, and \fJ'7jj(Xx)iO\ being bounded by 1, we conclude, since 6 > 1/2, that 
/k lM5^f7(M)(^)l^^^ *^ Lemma [TTT] ensures us that the law of lJ.s.u{i.x} has a density, for each (5 > 0. 
We conclude using Lemma fTT2] that n,u(i,x) has a density on {cr^ > 0}. □ 



5 Levy-driven S.D.E.s 

We conclude this paper with Levy driven S.D.E.s. For simplicity, we restrict our study to the case of 
deterministic coefficients depending only on the position of the process. The result below extends without 
difficulty, as in the Brownian case, to S.D.E.s with random coefficients depending on the whole paths, 
under some adequate conditions. 

We thus consider a filtered probability space {^,J-,{Tt)t>o,P) and a square-integrable compensated 
(jFt)t>o-Levy process {Zt)t>o without drift and without Brownian part. We denote by ly its Levy measure. 
Its characteristic function is thus given by 

E [cxp{i^Zt)] = cxp (^-t y" (1 - e''^^ - i£,z)i'{dz)^ . 

For cr, & : M I— > M, we consider the one-dimensional S.D.E. 

Xt=x + I a{Xs-)dZs+ [ b{Xs)ds. (5.1) 
Jq Jo 

Our aim in this section is to prove the following result. 
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Theorem 5.1 Assume that z'^v{dz) < oo and that for some A £ (3/4, 2), c > 0, > 0, 

V|e|>eo, / {1 - cos{^z)Mdz) > c\^\\ (5.2) 
Jr. 

and for some 7 £ [1, 2] /wi/i necessarily j > X), 

[ \zPv{dz) < 00. (5.3) 
Jr, 

We also assume that b is measurable with at most linear growth, and that a is Holder continuous with 
exponent 6 e (37/ (2 A) — 1,1]. If X (z (3/4, 3/2), we additionnaly suppose that b is Holder continuous with 
index a £ (37/(2A) — 7, 1]. 

Let {Xt)t>o be a cddldg {J^t)t>a-o-dapted solution to 115. Then for all t>0, the law of Xt has a density 
on the set {x G M, cr{x) 0}. 

Here again the (weak or strong) existence of solutions to ()5.H) probably does not hold under the sole 
assumptions of Theorem 15. II See Jacod [TS] for many existence results. 

Let us comment on this result. If (|5.2p holds with A > 3/2, we assume no regularity on the drift coefficient 
b. Observe here that no trick using a Girsanov Theorem may allow us to remove the drift, because there 
is a clear difference of nature between the paths of a pure jump Levy process with drift and without drift. 

Assume that ly statisfies z'^i'{dz) < 00 and the following property for some A £ (3/4,2): there are 
< Co < ci such that for all e e (0, 1], 

coe^"^ < / z^i^idz) < cie^-^. (5.4) 

J\z\<e 

Then (|5.2p holds and (|5.3|) holds with any 7 G (A, 2]. For example, ^{dz) = z~^~'^l[Q i]{z)dz satisfies 
l|5.4p . as well as ^{dz) = J2n>i ^^~^Si/n, or more generally ^{dz) = X)n>i n^"~^Sn-c. with a > 0. 
Assume that (|5.4p holds for some A E (3/4, 2). Then our result holds in the following situations: 

(i) A > 3/2, a is Holder continuous with exponent 9 > 1/2; 

(ii) A G [1,3/2], a is Holder continuous with index 9 > 1/2, b is Holder continuous with exponent 
a > 3/2 - A; 

(iii) A G (3/4, 1], a and b are Holder continuous with exponent 9 > 3/ (2 A) — 1. 

Proof By scaling, it suffices to consider the case t = 1. We will often write the Levy process as 

Zt^ [ [ zN{ds,dz), 
Jo Jr, 

where N{ds,dz) is a compensated Poisson measure on x with intensity measure dsv{dz). Thus 
(|5.ip rewrites as 

Xt = x+ [ I (j{Xs-)zN{ds,dz)+ ( b{Xs)ds. (5.5) 

Jo ^R, Jo 

Step 1. For e G (0, 1), we consider the random variable 

Z, := + / a{X^-,)dZs + / 6(Xi_e)ds. 

Jl-t Jl-€ 

For S > 0, consider the function fg of Lemma [1.21 Recall that fs is bounded and vanishes on [0,6]. 
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Conditioning with respect to T\^t and using (|5.2p . we get for all |^| > ^o/f^, 
|E[e^«^=/,(|a(Xi„,)|)|^i_,]| 

= /5(|a(Xi_,)|)exp(^-ej^ {\ ~ co^{iG{X^^,)z)v{dz) 

< /5(|a(Xi_,)|)exp(-ce<5^|e|^) < exp(-ce(5^|e|^). 

We used that fs is bounded by 1 and vanishes on [0, S] to obtain the two last inequalities. 

Step 2. Recall that a and b are Holder continuous with exponent 9 £ (0, 1] and a £ [0, 1] (when there 
is no regularity assumption on b, we say that it is Holder with exponent 0). The goal of this Step is to 
show that for all e e (0, 1), 

/, := E[\Xi - Z.y] < Ce^+'' + Ce''+" < Ce^+<, (5.6) 
where ( :— min(6', j + a — 1) £ {3j/2X — 1, 1] by assumption. We first show that for all < s < i < 1, 



E 



sup|x,r 

[04] 



<C, E[\Xt ~ Xsl-"] < C\t - s\. 



(5.7) 



First, using (|5.5p . the Burkholder-Davies-Gundy inequality (see Dellacherie-Meyer [9]), the subadditivity 
of a; x'*/^, the Holder inequality, (|5.3p and that 6, a have at most linear growth, we obtain, for all 

[0,1], 
E 



sup iXup 
ue[o,t] 



<C\xp + CE 

<C\xp +CE 
<C|a;p +CE 



sup 

iie[o,t] 



a{Xs-)zN{ds,dz) 

, 7/2' 

\a{Xs-)z\^N{ds,dz) ' 



\a{Xs-)z\'^N{ds,dz) 







+ CE 


(^£i6(x,)id.y 










+ CE 


(^l\b{xs)\dsy 







+ CP-^E 



\b{Xs)rds 



<C\xr+cf f E[\a{Xs-)r]\z\''iy{dz)ds + Ct''-^ f E[|6(X,)P]ds 
Jo Jm, Jo 

<C\xp +C f E[l + \Xsr]ds, 
Jo 

and the Gronwall Lemma allows us to conclude that E[supjQ l-'^'sP] ^ C- The same arguments ensure 

us that for < s < t < 1, E [\Xt - Xs\''] < C J*E[1 + \Xu\'']du, whence the second inequality of Hj^ . 
We may now check (I5.6p . Using similar arguments and the Holder continuity assumptions, we obtain 



I, <CE 


[( 












l-e 




fl 








l-£ 




fl 








l-e 



liaiX,^) - aiXi^,))z\^N{ds,dz) 



7/2' 



CE 



\biX,)-biX,^,)\ds 



l-e 



<C / E [|(7(X,_) - a(Xi_,)n ds + Ce^-i / E [|6(X,_) - 6(^i-e)r] ds 



Ids 
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where we finally used (|5.7[) . 

Step 3. Let J > be fixed, and consider the measure pLg^xAdx) — fs{W{x)\)p^Xi{dx), where is the 
law of Xi. Then as usual, for all ^ G K, all e G (0, 1), we may write 

\^r^:^AO\ < |E[e^«^V,(|a(Xi_e)|)]| + mUl - Z,\]+E[\fsiW{X,)\) fsiW{X,^,)\)\]. 

Using the Holder continuity of a and (|5.7[) . one easily gets (recall that 0<^^<l<7by assumption) 
E[\fs{\a{Xi)\) - /5(|cr(Xi„,)|)|] < CE[|Xi - Xi^eH < C'e^/''- Next, using Steps 1 and 2, we obtain, for 
aUeG (0,1), aU \^\>Co/6, 

ImIJ; m < exp(-c<5^e|e|^) + Cl^le^'+^^Z-' + Ce'/\ 

For each |^| > V {^o/S) we choose e := (log |CI)^/|^|^ e (0, 1) (this holds if is large enough). This 
gives 

Im^, (01 < exp(-c5^(log ICI)^) + C(log |^|)2(i+C)/7/|^|A(i+C)/7-i + c'(log |^|)^^/Vl^l''/"- 

This holding for all |^| > V {S,o/S), and fIslFi being bounded by 1, we get that IPslTiiOl'^d.^ < 
Indeed, A(l + C)/7 - 1 > 1/2 (because C > 37/2A - 1) and X9/j > 1/2 (because 9 > 37/2A - 1 and 
A < 7). Lemma 1 1 . 1 1 implies that the measure iJ-s^Xi has a density (for 6 > fixed), and we conclude using 
Lemma fTT2] that nxi has a density on {|cr| > 0}. □ 
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